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ABSTRACT

A connected edge monophonic $4tin a connected grap = (", E) is called aminimal connected edge
monophonic seif no proper subset d1 is a connected edge monophonic setGofThe upper connected edge
monophonic numbem,;(G) is the maximum cardinality of ainimal connected edge monophonic e&tG.
Connected graphs of ordemwith upper connected edge monophonic number 2oaaré characterized. It is shown
that for any positive integers 2 a < b < ¢, there exists a connected gra@hwith m(G) =a, m(G) = b and

My (G)=c, wheremy(G) is the monophonic number amei(G) is the connected Edge monophonic number of a
graphG.

Keywords: monophonic number, edge monophonic humber, coedexige monophonic number, upper connected

edge monophonic number.
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1. INTRODUCTION

By a graphG = (V, E), we mean a finite undirected of vertices ofG, theinduced subgrapkM> is the
connected graph without loops or multiple edgesmaximal subgraph oz with vertex setM. A
The order and size d& are denoted bp andq vertex v is an extreme vertexof a graphG if
respectively. For basic graph theoretic terminology<N(v)> is complete. A chord of a pathu , u,, u,,
we refer to Harary [1]. ..., U_is an edgeiy; with j > i + 2. Anu-v path is

— . . h
N(\_/) = {ue V@) -ue I,E(G)} is called the called amonophonic patlif it is a chordless path.
neighborhood of the vertexin G. For any seM

For two verticesu andv in a connected grap®,
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the monophonic distancel,, (u, v) is the length Corollaryl.1[6] Each simplicial vertex ofG
belongs to every edge monophonic seBof
Corollary 1.2.[6] For any non trivial tred, the
An u — v monophonic path of lengti_ (w, v) is edge monophonic numbem,(G) equals the
number of end vertices if. In fact, the set of all
end vertices ofT is the unigue minimum edge

the monophonic eccentricitye, () is the Monophonic set dF.
Theorem 1.3.[5] Each semi-simplicial vertex of

a graph& belongs to every connected edge

of the longestt — +# monophonic path i.
called anu — v monophonic For a vertew of G,

monophonic distance between and a vertex
farthest from v. The minimum monophonic
eccentricity among the vertices in tnophonic  monophonic set ofs.

radius rad,, (G) and the maximum monophonic oo qary 1415]  Each simplicial vertex of a

eccentricity is the monophonic diameter graph & belongs to every connected edge

diam,, (G) of G. A monophonic setf G is a set monophonic set o,

M HV(G) such .that evgry yertex @is gontalneq Theorem 1.5[5] Let & be a connected grapf,
in @ monophonic path joining some pair of vertices
in M. The monophonic numbem(G) of G is the be a cut vertex cf and letd be a connected edge
minimum order of its monophonic sets and any )

monophonic set of ordem(G) is a minimum monophonic set of;. Then every component of
monophonic sedf G. The monophonic number of  _ ., contains an element &f.

a graph G is studied in [2,3,4].An edge

monophonic sedf G is a setM 0 V(G) such that Theorem 1.6.[5] Each cut vertex of a connected
every edge o6 is contained in a monophonic path 9raPh & belongs to every minimum connected
joining some pair of vertices iM. The edge
monophonic numbemy(G) of G is the minimum
order of its edge monophonic sets and any edgé&orollary 1.7.[9]

monophonic set of orden(G) is aminimum edge i)  For any non-trivial treeT of order
monophonic setof G. The edge monophonic

edge monophonic set ¥

s T)=p.

number of a graphG is introduced in [7] and Py (T)=p

further studied in [6]. A connected edge i) For the complete graph
monophonic setof a graph G is an edge Kp(pgzj’mlc[f{ﬂ)zp,

monophonic seM such that the subgraptivi>

induced by M is connected. The minimum
cardinality of a connected edge monophonic set
G is theconnected edge monophonic numbe6  Definition 2.1. A connected edge monophonic set

and is denoted by pfG). A connected edge ar in a connected grapf is called a minimal
monophonic set of cardinality .g(G) is called a _ _
m-set of G or a minimum connected edge connected edge monophonic set if no proper sub

monophonic setof G. The connected edge set of M is a connected edge monophonic seg of

monophonic number of a graph is studied in [5]. The upper connected edge monophonic number
The following theorems are used in the sequel.

2 THE UPPER CONNECTED EDGE MONOPHONIC
d}IUM BER OF A GRAPH.
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m,(G) is the maximum cardinality of a minimal edge monophonic set and is not a minimum

. connected edge monophonic setzof
connected edge monophonic sefFof

Example 2.2. For the graphG given in Figure W

2.1,
M, = {1?1,192,1?3,1?4}, M, = {vl,vz,va,vg_},

My = {vy, vy, v, v Jand M, = {v,, v, vy, v;}

are minimum connected edge monophonic sets of V4
G so that M, (6)=4  The sets

M' = {v, v, v;, v, v}, are also connected (i

edge monophonic sets &f and it is clear that no Figure 2.2

proper subsets dff’, M andM"'" are connected
Theorem 24. For any connected grap®,

edge monophonic set so tti, M" andM'" are 2 < m,_(6)=m,7(G) <p.

minimal edge monophonic sets 6t It is easily Proof. Any conngcted edge monophonic s.et need
at least two vertices and am_(G) = 2. Since

verified that there is no minimal connected edge . . .
. . .. every minimum connected edge monophonic set is
monophonic setAdf with |Af| = 5. Hence it

a minimal connected edge monophonic set,
_l_ . .
follows thatm,* (G) = 4. m, (G) =m,  (G). Also, SinceV(G) induces a

connected edge monophonic setfit is clear
1,-"1 ‘."2 v
X thatm, < p. Thus2 < m_(G) = m?(G) < p.
Remark 2.5. For the graphi,,m,_(K,) = 2.
For any non-trivial tree T of order
p,m, (T) =p. Also, all the in equalities in

Theorem 2.4, are strict. For the graghgiven in

G Figure 2.2, m, (6)=3,m, (6)=4, p=6
Figure 2.1 S0 that 2 < m, (G) <m,(G)
= p.

Remark 2.3.  Every minimum connected edge

monophonic set o is a minimal connected edge Theorem  2.6. For any connected graph
G, m, (G)=mpifandonly itm,?(G) =p

monophonic set of. The converse is not true. For _
Proof. Letm, (G)=p. ThenM = V(G) is

th h i i Fi 2.2
€ gaph G gven in 'gure " the unique minimal edge monophonic set (hf

L . .
M’ = {vy, v, v5, v, v7} IS @ minimal connected ;00 proper subset #f is a connected edge

P. Arul Paul Sudhahar and J. John 163



THE UPPER CONNECTED EDGE MONOPHONIC NUMBER OF A GRA

monophonic set, it is clear th#f is the unique
minimum connected edge monophonic setgof
and som,_(G) = p. The converse follows from

Theorem 2.4.
Theorem 2.7. Every simplicial vertex of a
connected graphz belongs to every minimal

connected edge monophonic set®f

Proof.

G —{ul. Let

monophonic set of;. Then M contains at least

M be any connected edge

element from eacls, (1 < i = r) SinceG [M] is
connected, it follows that: & M.

Corollary 2.10. For a connected graph with k
and [ cut-vertices,

simplicial  vertices

Since every minimal connected edge™1c(G) = max {2,k + I}.

monophonic set is an edge monophonic set, therqof. This follows from Theorem2.7 and 2.9.

result follows from Corollary 1.1.
Theorem 2.8.

containing a cut-vertexs. Let M be a minimal
connected edge monophonic setcgfthen every
component ofs — v contains an element &{.
Proof. Let 1+ be a cut-vertex off and M be a
minimal connected edge monophonic setf
Suppose there exists a component &y of
G — v such thats, contains no vertex aff. By
Theorem 2.7M contains all simplicial vertices of
G and hence it follows thaf, does not contain
any simplicial vertex ofz. Thus G, contains at
least one edge sayy. Since M is the minimal
connected edge monophonic sg§; lies on the
monophonic path

Uu—w

Pru, iy, Uspy e, Uy o, 0V, e, U, o, Uy, WL
Sincew is a cut-vertex of7, theu — x andy —w
sub path ofP both contains+ and soF is not a

path , which is a contradiction.
Theorem 2.9.

monophonic set of.

Proof. Let u be any cut-vertex of; and let

Gy, Gy, ., G, (v =2) be the components of “dm—rm—

P. Arul Paul Sudhahar and J. John

Let G be a connected graph ; — g
ko)

Every cut-vertex of a connected
graph& belongs to every minimal connected edge

Corollary 2.11.
my(G)=p.

Proof. This is follows from Theorem 2.7.
Corollary 212. For any treel’, m,>(T) = p.

For the complete graph

Proof. This follows from Corollary 2.11.
REALISATION RESULTS

Theorem 2.13. For positive integerg, , d,, and

l=d, —r, +3with r, <d_ < 2r,, there

exists a connected graph G  with
rad,, (G) = r,, diam,,(G) =d,, and
mi.(G)=1.

Proof. Whenr, =1, weletG = K,, ;. Then

the result follows from Corollary 5.30. Let

T =2, 1€0C, 15 v,v, .o, ¥, 407 DE A
cycle of length n, +2 and let
Py o s1iUguly Uy, ool be a path of

lengthd,; _,. .,.LetH be agraph obtained from

Crppt 2

r‘l

and P, _,. ., by identifying v, in
C. :» and u, in P, ... Now add

l—d, +r,—3 new vertices

Wy, Wy, ..o, Wy 4, _3 10 H and join each
w, (1<i< l—-d, +r,—3) to the vertex

, and obtain the grapfs as shown in
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Figure 2.3. Then rad (G)= r, and
diam,, (G)= d,,.

M= {HUJ Uy Uy, "'!udm-rm! W, W?J"Jwi-dmwm-ﬂ}

. . 1
Let be the set of cut-vertices and end-vertices 0 ™*

G. By Corollary 1.4 and Theorem 1.8) is a

subset of every connected edge monophonic set
G. It is clear thatM is not a connected edge
monophonic set ofG. Also M U {x}, where Wy

x & M is not a connected edge monophonic se Figue 13

of G. HoweverM; = M U {v,, w5} is a connected In view of Theorem 2.4, we have the following
. realisation result.

edge monophonic set Gf.

Theorem 2.14. For any positive integers

Now, we show thatV; is a minimal connected 2< a< b < c, there exists a connected graph

edge monophonic set os. Assume, to the
contrary, thatM; is not a minimal connected edge sych  that m,(G)=a, m, (6)=b and
monophonic set ofG. Then there is a proper

subsetT of M, such thatT is connected edge ™4 (G) = c.

monophonic set o6. Lety O M; andy & T. By

Theorem 1.3, Proof. If 2<a < b=¢, letG be any tree of

y#Fw(l=sisl—d, +r, =3 AS0O by ;405 with a end-vertices. Then by Corollary

T is not a connected edge monophonic se6Gof
which is a contradiction. Thudj; is a minimal
connected edge monophonic set @f and so mﬁ(@ =h Let 2<a=<bhb=<rc. Now, we
mi.(G) = 1. LetM' be a minimal connected edge

my (G)=b and by Corollary 2.12,

consider four cases.
monophonic set ofs such that [M' | > |. By

Theorems 1.3 and 1.F{' containgM. SinceM; = Case 1. Let @a=2and b —a = 2. Then
M {v, vat or M= MU {vz,v,mﬂ} orMz3=  b—a+2=4 let Py, Vqy ooy Vy_pas
MU{v, .,7, .} is also a connected edge be a path of length b —a+1. Add
monophonic set db and < M’ = is connected, it ¢ —b+a—1 new vertices
follows thatM' contains eitheM, or M, or My, Wi Wasee s We gyl Ugsu Uy g 10 Py pug
which is a contradiction taM® is a minimal and joinw,,w,, ..., w,_, to bothw, andw, and

connected edge monophonic set@f Therefore also joinuy,u,, ..., u,_, to bothwy, andw,, there

mi (6) =1 by producing the graphs of Figure 2.4. Let

M= {u,,uy,..., U, 4, V,_,2-} b€ the set of all
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Lig-1

simplicial vertices ofi. By Corollary 1.1, every
edge monophonic set @ containsp. It is clear
that M is an edge monophonic set &f so that

m,(G) = a.

Vh-g+2

Let M, =MU{v,, vy, ., Vy_p2q1 By

Corollary 1.4 and Theorem 1.6 each connecte

edge monophonic set contairs . It is clear that

M, is a connected edge monophonic setza$o

tha.tMlc (Ej = b. Wb
G

Let M, = M, U{w;,wy, ..,w__,] Itisclear Figure 2.4

c

that M, is a connected edge monophonic se of
Now, we show thatM, is a minimal connected
edge monophonic set of.

Assume, to the contrary, thi{, is not a minimal

connected edge monophonic set. Then there is
proper subseT of M, such thall" is a connected

edge monophonic set of. Let v € M, and

v & T. By Corollary 1.4 and Theorem 1.6 it is

clear thaty = w,, for somei = 1,2,...,c — b.
G
Clearly, thisw, does not lie on a monophonic pathFigure 2.5

joining any pair of vertices df' and saf is not a .
Case 2. Let @ =>2 and b —a = 1. Since

connected edge monophonic setthfwhich is a ]
c=bhb, we havec— b + 1= 2. Consider the

contradiction. ThusM, is a minimal connected ) o )
- graphG given in Figure 2.5. Then as in Case 1,

edge monophonic set @ and somi_(G) = c. , o
M= {u;,u,, .., u,_4,uz} IS @ minimum edge

, : . +Ya—1s
Since the order of the graph ds+ 1, it follows ) ¢ ) o
monophonic setM, = M U {w,} is a minimum

thatm] (G) = c. .
mi(G) =c connected edge  monophonic set and

M, = V(G) — {v,} is a minimal connected edge

monophonic set of @ SO that

m4(G)=a,m, (G)= b andm]_(G) =«

P. Arul Paul Sudhahar and J. John 166
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Case 3. Let a =2 and b —a =1. Then
b = 3. Consider the grapl given in Figure 2.6.
Then as in Case WM = {v,;, v5} iS a minimum

edge monophonic setM; = {v,,v,, 3} IS a

minimum connected edge monophonic set an

M, = V(G) — {v,}is a minimal connected edge
monophonic set of SO that

m,(G)=a,m, (G)=b andmi_ (G)=c

AT W Vg
-
Wic-=1
G
Figure 2.6

We-b+1

G
Figure 2.7

Case 4. Let a =2 and b —a = 2. Then
b = 4. Consider the grapi¥ given in Figure 2.7.
Then as in Case I = {v,,v,} is @ minimum

edge monophonic seM, = {v,, v;, ..., v, } IS @

M, = V(6G) — {v,} is a minimal connected edge

monophonic set of & SO that

m4(G)=a, m, (G)=b andmI_(G) =rc.

(1]
(2]

(3]

(4]

(5]

(6]

(7]

minimum connected edge monophonic set and
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